Restoration of Entanglement by Spectral Filters 
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We experimentally demonstrate that entanglement of bi-photon polarization state can be restored 
by spectral filters. This restoration procedure can be viewed as a new class of quantum eraser, which 
retrieves entanglement rather than just interference by manipulating an ancillary degree of freedom. 
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The quantum state which has entanglement is defined 
that it is composed of more than two quantum systems 
and cannot be represented as a mixture of direct product 
state of its subsystem |jj . Its non-local properties have 
been studied by testing the so-called Bell-CHSH inequal- 
ity [0j3| . Entanglement plays the most important role in 
quantum information technologies |l[, such as quantum 
cryptography 8 , quantum teleportation p-H]] > quantum 
dense coding || and quantum computation Q, which 
have recently attracted a great deal of attention. It is 
known that the more the states are entangled, the better 
the state works as a resource for quantum information 
processing. It is therefore important to answer the fol- 
lowing questions: how to create the entangled states so 
as to maximize their entanglement, how to distill poorly 
entangled states into highly entangled states, and how 
to restore the entanglement of a state that potentially 
possesses more entanglement. The third question is the 
focus of this letter. 

Hereafter, we will restrict our consideration to the po- 
larization states of photons. Several methods to ob- 
tain polarization-entangled bi-photon have been reported 
pL Recently, Kwiat et al. devised an easy and effi- 
cient method for producing an arbitrary polarization- 
entangled state |lC|-[l4|. They used cw-pumped spon- 
taneous parametric down-conversion (SPDC), by which 
one parent photon in the cw pump beam is split into two 
polarization-entangled daughter photons via two nonlin- 
ear optical crystals, conserving energy and momentum 
and satisfying the type-1 phase matching condition p0|. 
Under cw-pumped SPDC, the converted photon pair has 
high purity (low entropy) and high degree of entangle- 
ment, and it can be considered the following Bell state 
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where \H) (|V)) stand for a horizontal (vertical) polar- 
ized photon state and subscripts A and B represent two 
separate observers, Alice and Bob. On the other hand, it 
has been reported that under femtosecond pulse-pumped 



SPDC, the converted photon pair has poor purity and en- 
tanglement, due to the complicated dispersion and phase 
matching associated with an ultra-short pump pulse [9]. 
However, femtosecond pulse-pumped SPDC is indispens- 
able for manipulating entangled photon pairs, because of 
its capability to generate two or possibly more bi-photons 
simultaneously P, |Ij| . |l5| . 

In this letter, we report on an experiment of a dis- 
entanglement eraser mm which restores entanglement in 
a bi-photon polarization state generated by two-crystal, 
femtosecond-pulse-pumpcd SPDC. In this experiment, 
spectral filters play the role of an effective disentangle- 
ment eraser, which stretch the coherent time of two bi- 
photon wave packets and thus erase the information con- 
cerning which crystal generates a bi-photon. By exper- 
imentally reconstructing the density matrices, we eval- 
uate how much entanglement (concurrence |l7|]) can be 
restored by a disentanglement erasing. In order to obtain 
the reliable density matrices, we employ two techniques; 
quantum tomography fl^Jlq] and a maximum likelihood 
method Q. 

Our source of entangled bi-photon is almost the same 
as the source in Ref. |l(j]. Two thin nonlinear crystals, 
each of which is a 0.15-mm-thick BBO crystal cut for the 
type-1 phase matching, are attached so that their optical 
axes lie in planes perpendicular to each other (FigMa)). 
The plane including the optical axes of the first (second) 
crystal and the propagating direction of the pump beam 
defines vertical (horizontal). If the polarization of the 
pump beam is set to 45° to the horizontal, the pump 
beam state is given by the direct product of the hori- 
zontally polarized and the vertically polarized coherent 
states with the same amplitude. Therefore, the following 
two probability amplitudes can be "coherently" super- 
posed: (1) two horizontally polarized photons generated 
in the first crystal or (2) two vertically polarized photons 
generated in the second one. Thus, the converted pho- 
tons can be considered as a polarization-entangled state 
as given by Eq.fj] pd. Under femtosecond pulse-pumped 
SPDC, however, two bi-photon wave packets, i.e., two 
probability amplitudes, can be distinguished because of 
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FIG. 1. (a) The geometry of two crystals (BBO) for gener- 
ating polarization-entangled bi-photons lid], (b) Experiman- 
tal setup to generate polarization-entangled photon pairs and 
to evaluate their entnaglement JlllJlSj . 



the considerably short coherent time of the pump pulse 
p0[ |. We will refer to this distinguishability as which- 
crystal information. This which-crystal information usu- 
ally degrade entanglement of the converted photon pair. 
Figureg shows a space-time diagram, which depicts the 
space-time difference between two wave packets. Which- 
crystal information, in other words, bi-photon wave pack- 
ets appears in the density matrix as an ancillary degree of 
freedom, though we are only concerned with the polariza- 
tion degree of freedom. We define two bi-photon (tempo- 
ral) wave packets, one of which is generated by the first 
crystal and the another by the second one, as \ipi(t)) T 
and \ip2(t)) T , respectively. They can be expressed as the 
inverse Fourier transform, as follows: 
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Here we assume that \ip2(t)) T = \ipi(t + t)) t , which 
means two bi-photon wave packets are the same, apart 
from the time difference r. This time difference is mainly 
due to group velocity dispersion (Fig.||). In Eq.||, g(uji) 
and \u>i) represent the spectral amplitude and eigen- 
state of the bi-photon state with energy huji for each 
photon, respectively, and \uii) constitute a complete or- 
thonormal system (i.e., f du>i \u>i) (u>i\ = 1, (u)j\u>i) — 
S(u>i — bjj). Then the state of whole system obtained 
by pulse-pumped SPDC can be expressed as 
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What is intriguing about the state of Eq.|| is that its 
entanglement can be restored by manipulating the ancil- 
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FIG. 2. Space-time diagram of two wave packets generated 
by femtosecond-pulse-pumped SPDC. In our experiment, the 
time difference between two wave packets are about lOOfs. 
This difference is mainly due to the group-velocity dispertion. 



lary degree of freedom, i.e., the bi-photon wave packets, 
like quantum erasing. Traditional quantum erasing, e.g., 
in Young's double-slit configuration uM, involves only 
two subsystems, principal system A and a ancilla {tag) 
system T. In contrast to such a traditional quantum eras- 
ing, the state given by Eq.H involves three subsystems: 
two principal systems A and B, and a tag system T. This 
framework corresponds to that of a new type of quantum 
eraser, i.e., a disentanglement eraser proposed by Garisto 
and Hardy pq , which can be restored entanglement be- 
tween the principal systems A and B, rather than just the 
interference by a suitable manipulation of the tag system 
T. The question now arises: how can the tag system be 
manipulated in order to erase which-crystal information? 
For erasing which-crystal information marked via a wave 
packet, we employed narrow bandwidth spectral filters in 
front of two photon counting detectors at the expense of 
the available flux of entangled photon pairs. Although 
there are some reports that the quantum interference 
visibility in femtosecond-pulse-pumped SPDC can be re- 
stored by erasing the distinguishability with spectral fil- 
ters [|22|, they treat two principal systems, A and B, as 
a single subsystem as a whole. Thus, their eraser can 
be viewed as a conventional one. Recently, Teklemariam 
et al. reported the three-spin disentangled eraser on a 
liquid-state NMR (g3|. But their effective pure state is 
separable at any moments of the processing as mentioned 
by Braunstein et al. p4| . 

For evaluating entanglement of a bi-photon gener- 
ated by pulse-pumped SPDC with two nonlinear opti- 
cal crystals, we employed linear tomographic measure- 
ment jnLllq] and a maximum likelihood method p9[ . 
Figure|IJ(b) shows our experimental setup to generate 
polarization-entangled photon pairs and to evaluate its 
entanglement. A parent photon in the frequency-tripled 
laser pulse of a mode-locked Ti: Sapphire laser (cen- 
tral wavelength: 266 nm, pulse duration: "TOO fs and 
average power: ~150 mW) splits into a polarization- 
entangled photon pair (central wavelength: 532 nm) via 
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FIG. 3. (a) The density matrix numerically reconstructed 
by maximum likelihood method (MLM) (the eigenvalues are 
{0.606, 0.388, 0.006, 0} 0,^|jS). Note that without MLM, 
we obtained the illegitimate density matrix (the eigenvalues 
are {0.641, 0.361, 0.080, -0.082}). (b) The results of po- 
larization-correlation measurements for checking Bell-CHSH 
inequality. The points represent the measured coincidence 
counts and the lines represent the calculated coincidence rate 
derived from the reconstructed density matrix. Only the re- 
sults of polarization-correlation measurements where Alice's 
polarizer angle is set to be 45° and 135° are shown, though 
for checking CHSH inequality, other results ( 0° and 90° ) 
were used. 



two BBO crystals, as mentioned before. The entan- 
gled photons are emitted into a cone with a half-opening 
angle of 3.0° and detected by photomultipliers (Hama- 
matsu, H7421-40) with efficiencies of "40%. Quarter 
wave plates (QWP(A) and QWP(B)), half wave plates 
(HWP(A) and QWP(B)) and polarizing beam splitters 
in front of the detectors, can be used to project the po- 
larization state of down-converted photons onto any kind 
of product states of polarization by coincidence counting 
measurements (in our experiments, a coincidence win- 
dow of 6 ns). We chose four projection states for Alice, 
{\H) , \V) , \D) = ±(\H) + |V)), \R) = ±(\H) + i \V))} 

and for Bob, {\H) , \V) , \D) = j-QH) + \V)),\L) = 
-j=(\H) — i \V))}, respectively, and these 16 kinds of the 
joint projective measurements were made for the linear 
tomography [ p"l|]l8| . In order to reduce background noise 
and select the frequency-degenerate bi-photons at 532 
nm, we employed interference filters centered at 532 nm 
(bandwidth (FWMH) of 8.0 nm, peak transmissivity of 
52%) in front of the detectors. 

Figureg(a) shows the reconstructed density matrix un- 
der this spectral filtering condition. Note, the matrix 



which is linearly reconstructed by using only tomog- 
raphy is not always legitimate, i.e., positive definite. 
We thus need numerical optimization, called maximum 
likelihood method for obtaining a legitimate and reli- 
able density matrix Jl9[ . From this numerically recon- 
structed density matrix, we calculated concurrence (ref. 
p7[) and von Neumann entropy (a = —Tr [pab ^Pab] 
(0 < a < In 4 ~ 1.39), where pab stands for the density 
matrix of principal system). We obtained concurrence of 
about 0.21 and von Neumann entropy of about 0.70. This 
disappointingly poor entanglement and purity might be 
due to the aforementioned which-crystal information. 
For checking whether this state violate Bell-CHSH in- 
equality (S<2) pj or not, we independently performed 
polarization-correlation measurements || (Fig. |(b)). We 
obtained the value S in Ref. M of about 1.6. Thus, the 
bi-photon state under above spectral filtering condition 
does not violate Bell-CHSH inequality, but it neverthe- 
less possesses entanglement because of non-zero concur- 
rence. This fact implies that Bell inequality is not a good 
measure for evaluating entanglement p5L|18j. FigureO(b) 
shows the measured coincidence counts (points) and the 
calculated coincidence rate from the reconstructed den- 
sity matrix (line). Their good agreement confirms the 
reliability of our reconstructed density matrix. 

Next, in order to erase which-crystal information, we 
employed narrow spectral filters in front of the detec- 
tors (bandwidth (FWMH): 1.2 nm; peak transmissivity: 
33%). FigureH(a) shows the density matrix numerically 
reconstructed from the experiment. As expected, the 
off-diagonal parts of the density matrix were retrieved, 
and we obtained its concurrence of about 0.74 and von 
Neumann entropy of about 0.39. Furthermore, from the 
polarization-correlation measurement (Fig.[|(b)), Bcll- 
CHSH's value, S in Ref. H, is about 2.4 which indicates 
the violation of Bell-CHSH inequality. Therefore the re- 
sults show that we have succeeded in restoration of entan- 



glement from the so-called hidden non-local state J25 13 



(C ~ 0.21) to the explicitly non-local state (C ~ 0.74) 
by a disentanglement eraser. 

For theoretically estimating how much entangle- 
ment should be restored by our disentanglement eras- 
ing model, let us go back to Eq.|[ To obtain 
the reduced density matrix of the principal system 
alone, we perform a partial trace over the tag sys- 
tem, then we get p A B = Tr T {\tt A BT{t)) (Oabt(*)|] = 
f{u>' \&ABT(t)) {^tABT{t)\io')<hj' . It can be rewritten as 

1 
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FIG. 4. (a) The density matrix reconstructed by maximum 
likelihood method (the eigenvalues are 0.869, 0.131, 0, 0). 
(b) The results of polarization-correlation measurements for 
checking Bell-CHSH inequality. 

Here we define the complex function in Eq.|3| as ipi (t) — 
i / giuJe-^dUi = A(t)e l6{t \ where Alt) and 9(t) re- 
spectively represent the envelope of the amplitude and 
the phase (including the chirp term) of the bi-photon 
state. Since the concurrence of the reduced density ma- 
trix ofprincipal system expressed as Eq.H is exactly the C 
of Eq.g, all we have to do is to estimate the C. We obtain 
C=0.63 for the spectral filters of 8.0 nm-bandwidth and 
C=0.99 for the spectral filter of 1.2 nm-bandwidth with 
the following three assumptions: (1) the pulse shape of 
wave packet \tpi(t)} is Gaussian centered at t = , whose 
pulse duration determined by the bandwidth of the spec- 
tral filters; (2) this Gaussian pulse is transform-limited; 
(3) the time difference r ~ 100 fs. Thus this calculated 
results are consistent with our experiment. The differ- 
ence between the value derived by our theoretical model 
and that obtained by experiment might be due to other 
distinguishabilitics of the entangled states in the experi- 
ment and the assumptions in the theoretical estimation. 

It is worthy to mention that the disentanglement eraser 
decreased the von Neumann entropy of the principal sys- 
tems. On the other hand, in the recent experiment of the 
entanglement distillation using Procrustean method [p| , 
von Neumann entropy of the systems increased. 

In summary, we have shown that entanglement of the 
bi-photon polarization state generated by pulse-pumped 
SPDC can be restored by the narrow-bandwidth spec- 
tral filtering. We found that spectral filtering effec- 
tively erased the possibilities of distinguishing the two 
bi-photon wave packets; thus, entanglement of the prin- 
cipal system (polarization state) can be restored. This 



erasing procedure will open up the alternative possibility 
of entanglement manipulation and quantum information 
processing. 

We gratefully acknowledge useful discussion with S. 
Kono, B. -S. Shi, and A. Tomita. 
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